
HARMONIC ANALYSIS OF LOCAL TIMES AND

SAMPLE FUNCTIONS OF GAUSSIAN PROCESSESC)

BY

SIMEON M. BERMAN

Introduction and summary. Let I be a topological space, âS its class of Borel

sets, tt a positive finite measure on 39, and x=x(i), tel, a real valued Borel

function. Define the measure

V(A) = v(x-\A))

on the linear Borel sets A. If v is absolutely continuous with respect to the usual

linear Borel measure, then its derivative is called the local time of x. In this paper

we deduce some properties of the variation of x from smoothness properties of the

local time when it is fixed and x is a sample function of a Gaussian process. The

main results are Theorems 5.1 and 5.2 which imply: If X(t), 0^t¿ 1, is a Gaussian

process with mean 0 satisfying E(X(s) — X(t))2^C\t — s\e, for some ß, 0<j8<2,

then the sample functions

(a) are of unbounded y-variation for y<2\ß;

(b) nowhere satisfy a Holder condition of order 2/(2m + e +1) if ß < 2j(2m + s +1),

where m is a nonnegative integer and 0á¿< 1 ;

(c) are nowhere differentiable if ß< 1 ;

(d) return infinitely often to every neighborhood of almost all the points they

visit.

The result (c) was stated without proof in [5] for a stationary process whose

covariance function r is not twice differentiable at the origin. A related result was

proved by Yeh [7] under the additional assumption that X(-) is continuous.

The paper of Marcus [4] contains results on Holder conditions for processes with

stationary increments satisfying the condition that E(X(t) - X(0))2 is concave in

some neighborhood of 0, or related conditions.

Using a previous result on analytic local times [2], we prove in §6 that Levy's

Brownian motion over Hubert space has sample functions unbounded over certain

compact ellipsoids (cf. [1]).

1. Square integrable local times.    Put

/»cc

f(u) = eiux dv([-co, x]),        -oo < u < oo;
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then / is representable as

(1.1) f(u) = j exp (iux(t)) dp(t)

because x=x(0 is a measure-preserving transformation on (/, p.) to (F, v). If fis

square integrable, then v is absolutely continuous and the local time is square

integrable (cf. [2]). We denote the latter by <p(x). For every square integrable

Borel function g we have

(1.2) \g(x(t))dp-(t)=  f"   g(x)<j>(x) dx.
Jl J - 00

Now we introduce the relative local time <f>B, where F is a Borel subset of /: it

is the local time of the restriction of x to B. It is a consequence of the definition of

the Radon-Nikodym derivative that <pB(x)^<j>(x) for almost all x; hence, <j>B is

square integrable if <f> is. If <f> satisfies the equation (1.2), then (pB satisfies a similar

equation with F in place of / as the domain of integration. As a derivative with

respect to Borel measure, the local time is Borel measurable; thus, from the de-

finition of the relative local time it follows that if <f> is square integrable, then, by

(1.2)

(1.3) f <pB(x(t)) dp.(t) = P   <pB(x)<pc(x) dx =  f ¿c(x(0) dp.(t),       B,C,e,âS.
JC J-oo JB

If p(Bn C) = 0, then

(1-4) ^JuC = <Pb + <Pc-

Lemma 1.1. If<j>is square integrable, then <f>(x(t))>0,for almost all t.

Proof. Let B he the set of t upon which <^(x(/)) = 0; then, from (1.3) with C=I,

we have

0 =  f <j>(x(t)) <W0 =  f     <I>(x)<Pb(x) dx.
JB J-oo

Since <f> dominates <f>B, the last integral dominates J"OT <¡>%(x) dx; thus <¡>B vanishes

almost everywhere, and so

p(B) =  I"   <pB(x) dx = 0.
J — 00

2. Recurrence properties of a class of functions with square integrable local times.

In this section we take /to be the closed unit interval and p. the usual Borel measure

(Lebesgue measure on the Borel sets). Let x(0, 0^7^ 1, be a Borel function with

a square integrable local time. For each positive integer «, Let Ink be the closed

interval [2~n(k- 1), 2~nk], k=l,...,2n. Let <f>nk he the local time relative to Ink,

and fnk the corresponding Fourier transform.
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Lemma 2.1. The sequence of sums

(2.1) 2  H   l/»*(»)la ^       "=1,2,...,
k=X J-eo

is noninct-easing; consequently, it converges.

Proof. Each interval Ink is the union of two intervals In+XJ and Zn+lj,+ 1. Their

intersection contains one point so that, by (1.4):

(2.2) <j>nk = ^n + l.í + ^n + l.í+l!

moreover (<f>n+ij+<t>n+i.i+i)2 = 'f>l+i.i + 'f>n+i.i+i because the local time is non-

negative; therefore, <i>nk = 4lï+i.i + <t>ï + i.i+i- This inequality is preserved under

integration; therefore, by Parseval's theorem, the same inequality also holds for

the integrals of the squared moduli of the corresponding Fourier transforms. This

completes the proof.

For each real number y, let N(y) be the number (finite or infinite) of elements

in the set

{! : 0 ^ t á l, y is in the closure of the image of every neighborhood oft).

(If the function is continuous N(y) is the number of times that it assumes the value

y.) Let Nn(y) be the number of positive elements in the set <f>nk(y), k = l,..., 2n,

«=1,2,....

Lemma 2.2. For each y, the sequence {Nn(y)} is nondecreasing; thus, it has a limit

which may be finite or infinite.

Proof. The equation (2.2) implies that for every positive element of the set

{<f>nk(y), k=l,..., 2n} there is at least one positive element in the set {<f>n+i.k(y),

fc = l,...,2n+1}.

Lemma 2.3. If Nn(y) -> oo for n -> oo, then A(v) = oo.

Proof. Without losing generality, we may suppose that the local time vanishes

outside the closure of the range of x; the reasoning is as follows. Let y be a point

outside the closure of the range; then some neighborhood of y is never visited by

the function x; thus, the integral of the local time over the neighborhood is 0;

therefore, the local time vanishes almost everywhere in this neighborhood. Recall

that the Radon-Nikodym derivative is unique in its definition except for a Borel set

of measure 0; thus, the local time may, if necessary, be redefined so as to vanish

everywhere in this neighborhood of y. Since the complement of the closure of the

range may be covered by countably many such neighborhoods, the derivative may

be so redefined on each of these, each time on a set of measure 0; thus, the local

time, by an alteration on a set of measure 0, may be taken to vanish throughout

the complement of the closure of the range.
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Under the hypothesis of the lemma, for every positive integer M, there is an

index « sufficiently large so that Nn(y)>2M. The assertion of the previous para-

graph implies that y belongs to the closure of the range of x(7), 7 e Ink, for more

than 2M indices k; thus, N(y)>M. Since M is arbitrary, the lemma is proved.

Lemma 2.4. The set {y : N(y) < co} is Borel measurable.

Proof. For e, 0<e< 1, form a finite covering of [0, 1] by open intervals J of

length less than e such that each point is covered by at most two intervals /. For

each y, let Ns(y) be the number of intervals J whose images have closures containing

y; Ne(y) is a Borel function because x is. N(y) is infinite if and only if Ne(y)

becomes infinite for e -> 0; indeed, if 7 is a point whose every neighborhood has

an image with closure containing y, then there are one or two intervals J whose

images also have closures containing y. This proves:

{y : N(y) < co} = j y : lim inf Ne(y) < col;

hence the set is Borel measurable.

Theorem 2.1. If the limit of the sequence (2.1) is 0, then N(x(t)) = ao for almost

all t (in the sense of Borel measure).

Proof. Fomula (1.4) and Lemma 1.1 imply that

(2.3) J <Mx(7)) = <p(x(0) > o
k=l

for almost all ?, for every «.

Observe

»oo »00

lim inf max <£2i;(x) ¿x S lim max <f>2k(x) dx       (Fatou's lemma)
J - oo      n-»co n-»coJ_co

/•oo        2» ,       2"      »oo

è lim T &Wà= lim f 2 \fnk(u)\2du
n-> oo   J - œ   fcïl n-» oo AIT ÇZ'y J - oo

(Parseval theorem)

= 0 (by hypothesis);

therefore, for almost all x, lim infn^co maxfc <j>nk(x) = 0. This implies

(2.4) lim inf max <f>nk(x(t)) = 0
n-* oo k

for almost all 7 because a function with a local time maps sets of positive measure

into similar sets. The relations (2.3) and (2.4) together imply that

lim Nn(x(t)) = oo,   for almost all 7.

This and Lemmas 2.3 and 2.4 imply the assertion of the theorem.
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Corollary 2.1. Under the hypothesis of Theorem 2.1, the set {y : N(y) < oo} is

of v-measure 0 ; in other words, x( ■ ) spends no time in this set.

Proof. Lemmas 2.3 and 2.4 imply

v{y : N(y) < oo} ^ vfy : lim Nn(y) < oo\
\        n-.cc j

and the definition of v, and Theorem 2.1 imply

vfy : lim Nn(y) < co"l = )ift : lim Nn(x(t)) < oo"l = 0.
\        n-»co J \       n-»co J

3. An inequality for the range of values of a function.

Lemma 3.1. Let x be a Borelfunction on (I, 38, ¡j); put

b = essinfx,       c = ess sup x,    |x(Z)| = c—b;
i ¡

then, for every e, 0 ^ e < 1, and nonnegative integer m,

(3.1) |x(Z)|2m + 1 + £ ä tx2(I)-Kir   \u\2m + e\f(u)\2 du,

where K is a numerical constant. If the integral in the denominator is infinite, the

fraction is understood to be 0 ; in this case, the inequality is trivial.

Proof. If either \b\ or c is infinite, (3.1) is obvious; thus, we now assume both

to be finite. We have

/•co    p -lue_p-iub

(3.2) M-lJ—^Mdu;
for, on one hand, tt(Z) is equal to

(3.3) f ¿(x) dx

because the integral of <j> over the complement of the range of x(t), t el, vanishes;

on the other hand, by Parseval's theorem the integrals in (3.2) and (3.3) are equal.

First we prove (3.1) for m = 0. The integral in (3.2) is dominated by

I -e/2

2-nU
H<2\f(u)\ du,

whose square, by the Cauchy-Schwarz inequality, is dominated by

/*00

1*1
J  - 00

1 -iu(c-b)

2ttu
du r i«n/(«)is

J  — 00

du

= constant (c-b)1+ £ Í     \u\e\f(u)\2 du.
J — CO

Now suppose mal. We assume that the integral in (3.1) is finite; otherwise,

there is nothing to prove. The finiteness of this integral implies that <f> and its first

m derivatives </>a\ ..., <f>(m) exist and are square integrable [6, p. 92]; in particular,

<f> and its first m— 1 derivatives are continuous; thus, they necessarily vanish at b
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and c because they vanish everywhere outside [b, c]. Using this fact we find, by

successive integration by parts:

(3.4) £ <p(x) dx = {-^f £ (x - bT^(x) dx.

Apply the Parseval relation to the integral on the right-hand side. The Fourier

transform of <f>M is (iu)mf(u), and that of the function

g(x) = (x-b)m,       b ¿ x i c,

= 0, elsewhere

is

eiux(x-b)m dx;
i

hence, the integral on the right-hand side of (3.4) is equal to

(-0"
lirm

r I     eiux(x-b)m dx I (umf(u)) du.

Multiply the first function in the integrand by |m|~£'2, the second by \u\sl2, and

apply the Cauchy-Schwarz inequality : the square of the integral is dominated by

the product of the two integrals

7» CO

i«|2m + s|/(«)|2 du

J 00

and
12»oo »c

—rn> l"l~£       eiux(x-b)mdx
rm\)2 J_œ J„

du.
(2-rrm\

The latter integral is dominated by a constant multiple of (c — b)2m + 1 + E; this can

be verified by successive substitution of variables in the inner and outer integrals:

y = (x — b)l(c — b) and v = u(c — b). The proof of the inequality (3.1) is now complete:

compare the estimate of the right-hand side of (3.4) to the left-hand side; the

latter, as shown in the remark leading to (3.3), is equal to p.(I).

4. Absence of Holder conditions and infinite -/-variation for functions with a

smooth local time. We apply the inequality (3.1) in the particular case in which

/ is the closed unit interval and p. the usual Borel measure. We continue to use the

notation of §2; here p.(Ink) = 2~n, k = l,..., 2n. Put Ink and/nfc in the places of /

and/ respectively, in (3.1) for k = l,..., 2n; and let x be a Borel function. Two

inequalities follow:

(4.1) min|x(/nfc)|2m + 1 + £ èF/22»2 f   \u\2m + c\fnk(u)\2 du
k k    J - oo

(4.2) 2 \x<Jnk)\2m + 1 + s ^ F/2 r   \u\2™ + *\fnk(u)\2 du.
k I     k      J -CO
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The inequality (4.1) is an elementary algebraic consequence of the 2n inequalities

(3.1); and (4.2) is obtained by averaging over the 2" inequalities (3.1), and noting

that the arithmetic mean is at least equal to the harmonic mean.

For y = 1, the y-variation of the function x(i), 0^1^ 1, is defined as

n-l

lim sup y |x(rí+1)-x(íy)|y.
n-oo   OSiiS ••■ áí„ál   {T\

An immediate implication of the inequality (4.2) is

Lemma 4.1. If the lim inf (n-^co) of the denominator in (4.2) is equal to 0, then

the y-variation of x is infinite for y — 2m+1 +e.

The function x is said to satisfy a Holder condition of order p at the point r0

in [0, 1] if there are positive constants n and 8 such that \x(t) — x(t0)\Sh\t — t0\p

whenever |i— r0| S 8.

Lemma 4.2. Let x satisfy a Holder condition of order p at the point t0 for some

constants h and 8. If I is a subinterval of [0, 1 ] of positive length \ I | ^ 8, and I contains

t0, then

(4.3) |x(Z)| ^ 2\I\ph.

Proof. In order to prove the lemma we shall show that the inequality

(4.4) |x(0-*(.0| S 2\I\"h

is satisfied for all points s and t in I. For s = t the inequality is trivial. If s^t and

I = i0 (or s=t0), then (4.4) is a consequence of the assumed Holder condition. If

s, t and t0 are distinct, we deduce (4.4) by noting that (triangle inequality)

|x(Q-x(X)|      |x(Q-x(l0)| |i-i0|"    \x(s)-x(t0)\ \s-t0\p

\I\"        -      \t-t0\"        \I\P \s-t0\p        \I\"   '

and that |í —í0|^|Z|, |i—I0|S|Z|, and then invoking the assumed Holder con-

dition.

Corollary 4.1. If

lim sup 2np min |x(Znfc)| = oo,
n-* co k

then x does not satisfy a Holder condition of order p at any point of[0, 1].

Combining Corollary 4.1 and the inequality (4.1) we conclude:

Lemma 4.3. If the lim inf (n -> oo) of the denominator in (4.1) is equal to 0, then

x nowhere satisfies a Holder condition oforder p = 2/(2m +1 +e); in particular, if the

hypothesis holds for m= 1, then x is nowhere differentiable.

5. Local times and sample functions of Gaussian processes.    Let (I, á?, tt) be as

defined in the introduction; (Q, ¡F, P) a probability space; and X=X(t, ai) a real
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valued stochastic process on Í2, measurable with respect to ¡Mx^. For each

sample function X(-,oS) we define the occupation time distribution: v(A, to)

=p,(X~1(A)), for every linear Borel set A. The Fourier-Stieltjes transform of the

corresponding distribution function is, by formula (1.2), given by

flu, «) =  f el«jr<,,<0> dp.(t), —oo < u < co;

it is a measurable function of (u, co).

Let F be the expectation operator corresponding to the probability measure F.

When a function of (?, to) or (u, to) appears under the expectation operator, the

argument co will be suppressed ; for example, Eflu, w) is written Eflu).

In this section Zis a Gaussian process. It will be assumed that EX(t) = 0 (t e I).

The application of the above theory of local times to Gaussian processes depends

almost entirely on this formula:

f n |M|"i/(M)i2 du

(5.1)        J-°°
= 2(^D/2r(=±lj(27r)-1 jj^ [E(X(s)-X(t))2]-<* + »12 dp,(s) dp(t),   p^O.

The proof is: X(t, to) and flu, oj) are measurable functions of their respective pairs

of arguments; thus, application of Fubini's theorem permits the interchange of

order of integration :

» CO »oo »      »

F |w|1/(")|2 du = \u\v &**»-**» dp(s) dp,(t) du
J - 00 J - CO JI  JI

=  P   |h|p f f exp [-iru2E(X(t)-X(s))2] dp(s) dp.(t) du.
J - oo J; J;

Another interchange of order of integration, and the change of variable v2 =

u2E(X(t) — X(s))2 show that the last integral is equal to that on the right-hand

side of (5.1).

For use in §6 we record a second formula:

F P   eub\flu)\2 du
J — oo

(5.2)

= jtjt (2ny2[E(X(t)-X(s))2]-'12 exp [b2l2E(X(t)-X(s))2] dp(s) ¿M(7),

for any real b. (The proof is similar to that for (5.1) with the modification that the

formula for the moment generating function of the Gaussian distribution is used.)

Lemma 5.1. If the integral on the right-hand side of (5.1) is finite for some p^O,

then, for almost all to, v(-, to) is absolutely continuous with respect to linear Borel

measure. Its derivative, the local time of X(-, co), is square integrable. The first [pJ2]

derivatives of the local time exist and are square integrable ([«] = integral part of u).
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Proof. The hypothesis implies: for almost all a>, |«|tp/21|/(w, co)| is square integ-

rable; thus, the conclusion follows the application of [6, p. 92].

We now take I to be unit interval with the usual Borel measure, and return to

the notation of the previous section.

Lemma 5.2. If the integral on the right-hand side of equation (5.1) is finite, then for

almost all w,

lim inf y f   \u\p\fnk(u, co)|2 du = 0.
n-*co      k   J - co

Proof. The union of the squares Ink x Ink, k = 1,..., 2" forms a decreasing

sequence of Borel sets (n = 1, 2,...) of measure tending to 0: therefore,

lim £ f    f    [E(X(s)-X(t))]-<p + »12 dp(s) <//*(/) = 0;
I-»«      k       Jl„kJlnk

thus, by application of (5.1),

lim E 2 I""   \u\p\fnk(")\2 du = 0,
n-* co k    J — co

and Fatou's lemma completes the proof.

Theorem 5.1. Let Xbea Gaussian process on [0, 1 ]. Let m be a nonnegative integer,

e a real number such that 0 ^ e < 1, and p defined as p = 2m + e. If the integral on the

right-hand side o/(5.1) is finite, then,for almost all oí:

(a) The y-variation of X(-, co) is infinite for y=p+l ;

(b) X(-, co) nowhere satisfies a Holder condition of order 2/(p+l);

(c) N(X(t, oj)) is infinite for almost all t (Theorem 2.1). This is valid as long as

the hypothesis is fulfilled for p = 0.

Proof. The assertion (a) is based on Lemmas 4.1 and 5.2; (b) on Lemmas 4.3

and 5.2; and (c) on Theorem 2.1 and Lemma 5.2 (for p=0).

Suppose that there are constants C>0 and ß>0 such that

(5.3) E(X(s)-X(t))2 ^ C\t-s\e,       0 á s, t á 1;

then the integral (5.1) is finite if ß(p + l)<2. lfß<2, then (5.1) is finite at least for

p = 0; therefore, conclusion (c) of Theorem 5.1 holds. If for some e, 0^e< 1, we

have ß<2/(1 +0, then, for y= 1 +e the y-variation of X(-, w) is infinite for almost

all w; this follows from assertion (a) with m = 0. Assertion (b) implies: if

(5.4) ß < 2l(2m + e+l)

then X(-, (t>) nowhere satisfies a Holder condition of order 2/(2m + £ + l).

In order to prove the nowhere differentiability of X(-, co), we shall show that

the sample function nowhere satisfies a Holder condition of order 1. The result on
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Holder conditions just given is not completely satisfactory because 1 is not expres-

sible in the form 2/(2«7 + £+l) since £< 1. The best result available from (5.4) is:

if /3 < 2/3 (m = 1, £=0), there is nowhere a Holder condition of order 2/3, so that

the sample function is nowhere differentiable. This will now be improved.

Theorem 5.2. The sample functions are nowhere differentiable if (5.3) holds for

some ß<l.

Proof. Let £ be a real number satisfying the double inequality

(5.5) ßl(2-ß)<e< 1;

such a number exists under the assumption ß< 1. Put «î = 0 in the inequality (4.1)

and multiply both sides by 2na+6):

(5.6) 2"<1+*> min |x(/nJc)|1+£ ä K¡2^~^ 2 í°°   M'!/»*(«. to)|2 du.
k    J - co

Under the hypothesis (5.3) and by the formula (5.1) the expected value of the

denominator in (5.6) is bounded above by a constant multiple of

2n(2-s)   f f |7-5|-«£ + 1,/2¿5¿7 = 2nU<£ + 1)/2-£)   f     Í    |?-5|-í<£ + 1),2¿5¿7.
Jo      Jo Jo Jo

The latter double integral is finite because e and ß are less than 1 ; and the factor

multiplying the integral converges to 0 as « -*■ co, under the assumption (5.5);

thus (Fatou's lemma), the lim inf («^co) of the denominator in (5.6) is 0, for

almost all to; hence, by Corollary 4.1 (p = l), X(-,w) nowhere satisfies a Holder

condition of order 1.

6. Analytic local time: an application to Brownian motion over Hubert space.

We return to the general space / and recall some results given in [2] for the case

of the unit interval. If <f> is analytic, then x spends positive time in every Borel set

of positive measure; therefore, x is unbounded. A sufficient condition for the

analyticity of <f> is that there exist b>0 such that

(6.1) T  e«b\f(u)\2 du < cv;
J — 00

thus, if there exists a positive Borel measure on 38 for which (6.1) holds, then x

is unbounded on /.

Now let X(t, to), 7 e / be a measurable Gaussian process defined as in §5.

Lemma 6.1. If there exists a positive Borel measure p. on I, and b>0 such that

(6.2) f exp [b2/E(X(t) - X(s))2] dp.(s) dp.(t) < oo,

then, for almost all to, X( ■, w) is unbounded on I.
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Proof. The hypothesis implies that

jjf [E(X(s)-X(t))2]~ídpí(s)dp(t) < oo

because u"1 tends to infinity more slowly than exp (b2/u) for m j 0; thus, applying

the Cauchy-Schwarz inequality to the integral on the right-hand side of (5.2), we

find the left-hand side to be finite; consequently, for almost all co, (6.1) holds with

/=/(«, «)•

Take I to be the space l2 of all real square summable sequences t = (tn) with the

usual norm || • || defined by ][i ||2 = 2n 'I- Let Ibea measurable version of Levy's

Brownian motion, a Gaussian process such that

EX(t) = 0,       EX2(0) = 0,       E(X(t)-X(s))2 =\\t-s\\.

In [1] it is shown that on each compact subset of l2 either the sample functions

are continuous, or if not, there is a point in the subset at which each sample

function is discontinuous. In the particular case of a compact ellipsoid sufficient

conditions for continuity were given; now Lemma 6.1 will be used to get sufficient

conditions for the unboundedness of the sample functions. The method can also

be used for other compact sets in /2; for example, a cube.

An ellipsoid is a set of the form

(6.3) it : 2 tl\X\ S 11

where {An} is a sequence of real numbers. The ellipsoid is compact if A„ -> 0

[3, p. 28].

Theorem 6.1. Let S be a compact ellipsoid in l2, and (Xn) the sequence in (6.3).

If for some p, l<p< 2,

(6.4) 2 ¿ < œ>
n    "  ,xn

then the sample functions are unbounded over S.

(The goal of the proof is the construction of a positive Borel measure on S for

which (6.2) holds.)

Proof. Let Xx, X2,... be a sequence of independent random variables on some

probability space having Gaussian distributions with expectations 0 and EX2 = n'p.

For each integer k>0 and real numbers tx,...,tk define the measure of the

cylinder set {s : sx^tx,.. .,sk^ tk) in l2 as Pr (Xx fLtx,...,Xkfí tk). This cylinder

set measure is extendable to a countably additive measure (denoted also by tt)

on the Borel sets of /2; indeed, the series 2n Xn converges with probability 1

because the sequence of variances converges (cf. [3, p. 334, Theorem 7]).
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The condition (6.4) also implies that the series 2* -^2M2 converges with prob-

ability 1; therefore, for every «2:1, the series may be represented as the sum of

the two independent sub-sums

¿X/VA?   and       2   *W
1=1 i=n+l

This representation implies

Pr (2 *»Mn â l\ > 0;

indeed, for every «, the distribution of the first sub-sum certainly assigns positive

probability to the interval of values [0, |], and, if « is sufficiently large, so does the

distribution of the second sub-sum; thus the convolution of the distributions

assigns positive probability to [0, 1]; hence, p,(S)>0.

The next step in the proof is the estimation of the double integral in (6.2) when

p is the measure just constructed and E(X(t)— X(s))2= \\t — s\\. Let {Fn} be a

sequence of random variables on the same space as {Xn}, distributed identically as

the latter but independent of it. By definition of p., the double integral in (6.2) is

equal to

EJexplb2lÇl(Xn-Yn)2y>2]y,

thus, since Xn- Yn is distributed as y/2 Xn:

(6.5)   J^ J( exp(e2/F(X(5)-Jr(7))2)¿/,(5)¿/,(7) = F{exp[e2/V2(2^2)1/2]}-

Define

Un = 1    if IA-J > n~pl2,
(6.6)

= 0   if \Xn\ Ú n~pl2.

The t/'s are independent and have a common Bernoulli distribution with mean

Pr (\Xn\ >«-p/2) = 0.3174 (approximately); and, from (6.6):

(6.7)        E\ exp [è2/V2(2 -T«)1"]} á FJexp [è2/V2(2«-!'í/n)1,2

The final step in the proof is showing that the latter expectation is finite. Recall

that the expected value of a nonnegative random variable Z is finite if

»CO

Pr(Z > t)dt < oo;
Jo

thus, the expectation in (6.7) is finite if

(6.8) Ï" Pr QV'tf» < ¿>72|log t\2) dt < oo.

For every t>0 the inequality ¿\nn~pUn<T holds only if the terms up to index
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n>r  1,p are all equal to 0; thus, by the independence of the {(/„} and common

distribution:

Pr (2 «"*£/„< r) gPr(£/J = 0,/= l,...,[r-1'"])

^ (Pr(Ux = O))11"1"1 á (0.7)[I"1"'];

therefore, putting r = M/2|log l|2, we see that the integral in (6.8) is at most

j*" (1/0.7) exp {21,p|log t\2lpb-ilp log (0.7)} dt;

it is finite because p < 2.

The measure /x assigns positive measure to S, and satisfies (6.2); hence, the sample

functions are unbounded on S.

Example. Suppose S is the ellipsoid (6.3) and Xn = n~r, where r>0. The sample

functions are continuous on S if r> 1 ; indeed, in this case 2„ |^n|p<0° for some

p < 1 and the continuity condition given in [1] is satisfied. The sample functions are

unbounded on S if r< 1/2; in fact, there exist number/? and e, l<p<2, e>0,

such that 1 <p<2 and 2r<(p—l) — e, and the series J¡nn~pn2r converges.

Added in Proof. S. Varadhan showed that Theorem 6.1 is valid also for 1 </? ̂  3.

From the inequality

] (1 + An-"Y1 á exp(-cXllp),       c > 0 constant,

the formula for the moment generating function of 2„6l X2, and a Chebyshev-type

inequality, we conclude that

P E X* = '] = exp [-constant/I1'^-"],       t > 0.

This implies the finiteness of (6.5). In the example A„ = n_r the sample functions

are unbounded if r< 1.
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